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Abstract 

We consider the deformed Gaussian Ensemble = M„ + Hn^ in which Hn^ 
is a diagonal Hermitian matrix and M„ is the Gaussian Unitary Ensemble (GUE) 
■ random matrix. Assuming that the Normalized Counting Measure of Hn^ (both 

non-random and random) converges weakly to a measure N^^^ with a bounded 
support we prove universality of the local eigenvalue statistics in the bulk of the 



J2 ' limiting spectrum of Hn- 



1 Introduction. 



Universality is an important topic of the random matrix theory. It deals with statistical 
properties of eigenvalues of n x n random matrices on intervals whose length tends to zero 
as — > cxD. According to the universality hypothesis these properties do not depend to 
large extent on the ensemble. The hypothesis was formulated in the early 60s and since 
OO ! then was proved in certain cases. There are some results only for special cases. Best of 
^ I all universality is studied in the case of ensembles with a unitary invariant probability 

distribution (known also as unitary matrix models) ([HISIE]). 
^ . To formulate the universality hypothesis we need some notations and definitions. De- 



. note by A]^ , . . . , An the eigenvalues of the random matrix. Define the normalized eigen- 



notebyAi"\...,Ai") 

value counting measure (NCM) of the matrix as 

N4A) = ^{Xf G A, J = T;^}/n, N4R) = 1, (1.1) 

where A is an arbitrary interval of the real axis. For many known random matrices the 
expectation A^„ = E{A^„} is absolutely continuous, i.e., 

iV„(A)= / pn{X)dX. (1.2) 



The non-negative function in (11. 2p is called the density of states. 
Define also the m-point correlation function Rm^ by the equality: 



(Pm{Xji, • • • , Xj^) > = <^m{Xl, . . . , Xm)R^r^\Xi, . . . , Xm)dXi, . . . , dXm, (1.3) 
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where '■ — > C is bounded, continuous and symmetric in its arguments and the 
summation is over all m-tuples of distinct integers ji,---,jm = Here and below 

integrals without limits denote the integration over the whole real axis. 

The global regime of the random matrix theory, centered around weak convergence 
of the normalized counting measure of eigenvalues, is well-studied for many ensembles. 
It is shown that A^„ converges weakly to a non-random limiting measure known as 
the integrated density of states (IDS). The IDS is normalized to unity and is absolutely 
continuous 

N{R) = 1, A^(A) = [ p{\)dX. (1.4) 



A 



The non-negative function p in (11.41) is called the limiting density of states of the ensemble. 
We will call the spectrum the support of and define the bulk of the spectrum as 

bulkA^ = {A|3(a, 6) C supp : A G (a, 6), p„(/i) ^ p{p) on{a,b), p{X) ^ 0}. (1.5) 

Then the universality hypothesis on the bulk of the spectrum says that for Aq € bulkA^ 
we have: 

(i) for any fixed m uniformly in Xi, X2, . . . , Xm varying in any compact set in M 

hm f Ao + — . . . , Ao + = ^"^^^(^^ - ^^•)>M=i' (1-6) 

where 

r,/ N sin7r(3:i - Xj) 

S[Xi-Xj) = — , 1.7 

Tc{Xi-Xj) 

and Rm\ Pn, and p are defined in (II. 3p . (II. 2p and (II. 4p : 

(ii) if _ 

E„(A)=P{AfVA,^ = l,n}, (1.8) 

is the gap probability, then 



lim En 



a b 
Ao H 7-r~^ — ) Aq + 



Pn(Ao)n p„(Ao)n_ 
where the operator Sa^h is defined on L2[a, b] by the formula 



det{l-^,,J, (1.9) 



b 



and S is defined in (11.70 . 

In this paper we study universality of the local bulk regime of random matrices of the 
deformed Gaussian Unitary Ensemble (GUE) 

Hn = Mn + Hi'\ (1.10) 

where Hn^ is a Hermitian matrix with eigenvalues {/i^"^}^^^ and M„ is the GUE matrix, 
defined as 

M„, = n-i/2^„, (1.11) 
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where Wn is a Hermitian n x n matrix whose elements ^Wjk and '^Wjk are independent 
Gaussian random variables such that 

E{3fJw;,4 = E{S3w,-4 = 0, E{^''w,k} =^{^^^10^^} = ^ (j ^ k), E{w]^} = 1. 

(1.12) 

Let 

Ar(o)(A) = tl{/if)G A,j = M}/n. 

be the Normalized Counting Measure of eigenvalues of Hn^ . 

Note also that since the probability law of Mn is unitary invariant we can assume 
without loss of generality that Hn^ is diagonal. 

The global regime for the ensemble fll.10p - fll.12p is well enough studied. In particular, 
it was shown in ^ that if Nn^ converges weakly with probability 1 to a non-random 
measure as n 00, then Nn also converges weakly with probability 1 to a non- 
random measure N. Moreover the Stieltjes transforms g of N and g^^^ of A^'-''-* satisfy the 
equation 

giz)=g^'\z + giz)). 

It follows from the definition f 1 1.1 1) and the above result that any n-independent interval 
A of spectral axis such that N{A) > contains 0{n) eigenvalues. Thus, to deal with a 
finite number of eigenvalues as n — 00, in particular, with the gap probability, one has 
to consider spectral intervals, whose length tends to zero as n ^ 00. In particular, in the 
local bulk regime we are about intervals of the length 0{n^^). 

Random matrix theory posseses a powerful techniques of analysis of the local regime, 
based on the so called determinant formulas for the correlation functions [5]. For the 
GUE, more general for the hermitian matrix models, the determinant formulas follow 
from the possibility to write the joint probability density of its eigenvalues as the square 
of the determinant, formed by certain orthogonal polynomials and then as the determi- 
nant formed by reproducing kernel of the polynomials, that. are also heavily used in the 
subsequent asymptotic analysis [H [2l [3] . Unfortunately, the orthogonal polynomials have 
not appeared so far in the study of the deformed Gaussian Unitary Ensemble. However, it 
was shown in physical papers P, 13 E] that correlation functions of the deformed Gaussian 
Unitary Ensemble can be written in the determinant form, although the corresponding 
kernel is not, in general, a reproducing kernel of a system of orthogonal polynomials. 
This was done by using as a crucial step the Harish-Chandra/Itzykson-Zuber formula for 
certain integrals over the unitary group. 

This important result was used in [H] to prove universality of the local bulk regime of 
matrices ffTTUD . where H^^^ = n-^l'^W^ is a hermitian random matrix with independent 
(modulo symmetry) entries: 

W^n = {Wjk}lk^ Wjk=Wj (1-13) 

E{wjk} = E{w%} = 0, Eilwjkl"^} = 1, supE{\wjk\P} < 00. 

It was proved in ^Qj that if p > 2(m -|- 2), then (11.61) is valid, and if p > 6, then (11.91) is 
valid. 

Later in the series of the papers [TOl [11] the special case of (11.101 ) was studied, where 
Hn^ has two eigenvalues ±a of equal multiplicity. In this case universality in the bulk 
and at the edge of the spectrum were proved. 
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In this paper we consider random matrices fll.lOp for a rather general class of iJ„ 
both random and nonrandom. The main results are the following theorems. 

Theorem 1. Let Nn^ be a nonrandom measure that converges weakly to a measure 

iV(o) 

with a bounded support. Then for any Aq € bulk the universality properties U.6[ ) and 
/ fO) hold. 

Theorem 2. Let the eigenvalues of Hn^ in 1^1. 10\} be a collection of random 

variables independent of Wn and such that E*^'^^{|/;,^"^p} < oo (the symbol E'^''){. . .} de- 
notes the expectation with respect to the measure generated by Hn^ ). Assume that there 
exists a non-random measure N^'^^ of a bounded support such that for any finite interval 
A C M and for any e > 

lim P{|iV(°)(A) - Ni^\^)\ >e} = 0. 

n^oo 

Then for any Xq G bulk the universality properties U.6[ ) and U.9\) hold. 

The paper is organized as follows. In Section 2 we give a new proof of determinant 
formulas for correlation functions (11. 3p by the method which is different from those of [6l[7], 
[9] and [lOl [11] . Namely we use the representation of the resolvent of the random matrix 
via the integral with respect to the Grassmann variables. The integral was introduced by 
Berezin (see [13]) and widely used in physics literature (see e.g. book [H]). For the reader 
convenience we give in Appendix a brief account of the Grassmann integral techniques 
that we will use in the paper. Theorem [1] will be proved in Sections 3 — 4. Section 5 deals 
with the proof of Theorem [2j 

2 The determinant formulas. 

It is well-known (see for example [5J) that the correlation functions (11.31) for the GUE can 
be written in the determinant form 

i?(„")(Ai, . . . , A„) = det{K^{\, A,)}, (2.1) 

with 

n-l 

K„(Ai, Xj) = 0fc(Ai)0fc(Aj), 0fc(x) = r^^/^/^fc(v^a;)e-"'^'/^ 

fc=0 

where {/ifc}fc>o are orthonormal Hermite polynomials. We want to find analogs of these 
formulas in the case of random matrices (ll.lOp . 

Proposition 1. Let Hn be the random matrix defined in 1^1. lOi) and R^m be the correlation 
function Then ^2. ij) is valid with 

KniX,n) 

rdtrdv --^ - - + 2,i))} . /, . ,w X 

" J 2nf 27r v-t 11 I I ■ 

L C 0=1 \ 3 / 

where L is a line parallel to the imaginary axis and lying to the left of all {/ij"'^}"^;^, and 
the closed contour C has all inside and does not intersect L. 
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Representation fl2.2l) was first obtained in physical papers [SI C]. We obtain this 
representation by use the Grassmann integration. 



Proof. Following [12], where the GUE was studied, denote 



F{zi,Z2,...,z^) = E\f[Ti—^ I 



(2.3) 



where {zj}"!]^ are distinct complex numbers, '^zi 



. . = '^Zm = —e < 0. It is technically 
easier to study the ratio of the determinants instead of Tr^^ . Denote 



D(^Z-i, . . . , ZjYn Xi, . . . , ^^m) 



Hn- Z 

det{Hn - zi~ xi) . . . det{Hn ~ z^-Xr. 
det(i/n - z^ ... det(iJn - ^m) 



(2.4) 



Since 



d det(if„ ~ z — x^ 



dx det{Hn — z) 



Ti iHn-z)-\ 



x=0 



then 



^{Zi, Z2, . ■ . , Zm) 



dxi . . . dxr 



-E{D(zi,... 



(2.5) 



Xl = --- = Xm=0 



Here and below the symbol E{. . .} denotes the expectation with respect to the measure 
generated by W (see f ll.l2p ). 

By using formulas (15. 5p and (15.61) . we obtain: 



D(^Zi, . . . , ^rn; Xi, . . . , X^n) 



f f ™ " / ]^ 

L a=l 7,fc=l ^ 



■f ^ - ^a) ) ^j,a'^k,, 



a=l j,k=l 



X exp <( -2 ^ ( -^Wj^k + ^j,kQlf^ - Za- Xa) 



where {ipj^a}'j=i a=i ^^e Grassmann variables {n variables for each determinant in 
the numerator), {(j)j^a}^=i a=i complex ones (n variables for each determinant in the 
denominator), $j = (0^- 1, . . . , 0^,^, ipj^i, . . . , ^j,niY and 



^ m 

= n {d'4'j,ad'4'j,ad^(j)j,ad^(l)j,a) ■ 



a=l 



Collecting separately the terms with ^wj^k and '^Wj^k we get 



/f m n m n 

exp <^ i ^ ^(^^ - /i5"^)V'j>V'j,a + « 5]](2:a + - /ij 
I. a=l j=l a=l j=l 

X exp |--^ 5^ ^Wj^k + $^$,) I X exp 5^ Qw,,k - $ ^$,) | 



X 



E^^-.^- (*/*^- + '^t'^^) I n^'^r (2-6) 
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Denote by exp{/} the first exponential. Integrating with respect to the measure generated 
by W, we obtain after some calculations 

E {D{zi, . . . , Zm] Xi, . . . , Xm)} 

= I exp{/}-exp|-i- ($+$,) {n^,)\i{d^,. (2.7) 
I i,fc=i J i=i 

We will use below the following standart 

Lemma 1 (Hubbard-Stratonovitch transformation). We have in the above notations: 
^^p|-^E W*^)(*^*^)f = /exp{-^sirQ2| JJexp{-z$+Q$,}ciQ, (2.8) 



where 

' a a 

ib 



Q 



a = {0'j,k}^k=iy ^ — {^j,k}]^k=i ^'^^ m X m Hermitian ordinary matrices, a = {o'j,k}^k=i 
a m X m matrix consisting of Grassmann variables (a^ is its Hermitian conjugate), and 



dQ = JJ^ d ajjd bjj Y\ d ^aj^kd Qaj^kd ^bj^kd Y\, ^ ^i,kd ctj^, 
Proof. Define 



j=l j<k j,k=l 



n 



i=i i=i j=i i=i 

Write the sum at the exponent as: 



2^ ^ v-J v-« -J' 2n ^ "''^ 



}_ sr^ S^^<t>) AM _J_sr c(^) c(^) _ ^ o^-^) (0 Q\ 

2n ^ '^'^ 2n ^ "'^ '^'^ 2n ^ '^'^ '^'^ ^ 

a,/3=l a,/9=l a,/9=l 



Now, use (15.51) to obtain: 



m 

2 

a</3 " a " La,/3=1 a</3 " a=l 

m 



X 



Q</3 Iq:</3 



a</3 ^ " ' ' ' a<P ^ 

7Tt(m— 1) 

n / \ V ) ^ ^ 2^ 

a, [3=1 



1_ MM 



Similar argument yields the formulas 



n 

a<l3 



TC 



n 

a 

n 



TT 



n 



a,/3=l 
m(m— 1) 

exp 



a</3 



a=l 



^ m 

- y 

2n ^ 



a,/3=l 



and 



/I I L t I I L lib lit 

a,l3=l Ka,l3=l a,l3=l o,/3=l 



n 

a,/3=l 



exp <i --si'f/^siT 



where we used (15.61) to obtain the last formula. Collecting together three above formulas, 
we present the l.h.s. of ( 12. 8p as 



If"" 

^ / n dVa,(3dVa,(3ll' 

a, 13=1 a</3 



d ^tta^f^d ^aa,i3 -TT d aa,a yj d '^ba,i3d ^ba,f3 -n- d bn 



TT 



n^n 



a<f3 



TT 



n 



TT 



X 



I a,/3=l a,/9=l a,/3=l ct,l3=l 

( m m 



0=1 



a</3 



o,/3=l 



1 /" 77, 

— / exp|-^strQ2| JJexp{-7$+g$,}(ig, 



where the matrix Q is described in the lemma. 

The above allows us to rewrite the integral in the r.h.s. of (12.71) as: 



□ 



1 /" " 71 " 

- / exp{/}- J]d$,-exp|-^strg2| JJexp{-7$+Q$,}dg. (2.10) 



Setting 



A 


























\ 





































Zn 




























Zl + Xi 




























Z2 + X2 









v 





















Zn •^n 


I 



and using the explicit form of exp{/}, we obtain from (12.101) 

— / n^*rexp{-^strg2| JJexp{-7<|.+ (g-A + V)$,}rfg. 



(2.11) 
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Recall now that 'iszi = . . . = '^z^, = —e < 0. Hence, A = Ai — e I , where Ai is a matrix, 
whose entries are the real parts of the entries of A. 

We integrate (12.111) with respect to ip and by using (15. 7p . as a result the integral 
(12. 7p is equal to 

If " 

— / exp|-^strQ2| JJsdet(g-A + V)^icig 

If " 
= — / exp|-|strg2| JJsdet(Q-Ai + £-/ + /i,/)-Mg 

, „ n 

= — exp|-^str(g + Ai)2} J]sdet(Q + £-/ + V)-Mg (2.12) 



Write Q = U ^SU, where f/ is a unitary super- matrix and the matrix S is 

5 = 



Si 
52 



where 



Si 



( si ... \ 
S2 ... 



\ 



s,. 



Sn I 



( iti ... \ 
%t2 ... 

\ ... 2t„ / 



Use the super-analog (15.141) of the Itzykson-Zuber formula for the integration over the 
unitary group (see [ISj). This yields 



E {D{zi, . . . , 2;^; xi, . . . , x„)} = 1 - . • • , 



+ 



-27r)-™n" 
5™(A) 



exp <{ --str(S' + Ai^ 



nn 



ita + i e + h 



(n) 



Bm{S) Y\_dtadSa, 

(2.13) 



where Bm{S) is the Cauchy determinant (15.131) . 

Using the formula for the Cauchy determinant, we obtain that 



BU^)-' = 11x^11 



a=l a>l3 



[Za — Zp){Za + Xa — ZfS — X p) 
{Za — Zp — Xp){zp — Za— X^) 



Substituting this to (12.131) . differentiating (12.131) with respect to every Xa and putting 
then xi = . . . = = 0, we have 



Qr. 



dxi . . . dxr 



-E {D{zi, . . . , Zm] Xi, . . . , Xm)} 



Xi = ---=Xm=0 



n 



/ exp {-^str(5 + A)^} H U " B^S) U^tad 

j=l a=l \ + "-T / a=l 



:2.i4) 
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where A = AJ ^ s+ = s„ + it+ = it^ + ie. 

We can write the determinant (15.131) as 



m ^ 

Bm{s) = J^i-ir'-' n -- 



a=l 



where the sum is over all permutations u of the indices {1, ...,m}, and cr{uj) is the 
parity of a permutation. The rest of the integrand factorizes in a m-fold product. Hence, 
recalling the definition of F in (12.51) . we obtain finally 

F{zi, ...,z^) = det{Kniza, z/s)}, (2.15) 

where 
Denote 

1 7^^^p{-i«^+^)'-(^^+^)')}iiis^n 



2^ / il-p{-f(('+^)^-('*+''«}n(''+^r)iToan;7T,,..- 



(2.17) 

Changing variables to it —t, s —s, we obtain 

^n(A,/i) 

J j=i j=i s rij 

(2.18) 

where s~ = s — ie. 

Note that we can assume without loss of generality that {/i^"'''}"^^ are distinct and 
then we have on the sense of distributions 

n ^ n ^ 

hmSSff i^ = 7ry^(g-M"))TT , , , , . 

e^O J-i _,(n) V J ^ J-i , (n) _ , (n) 

Hence, the integral in the r.h.s. of (12.181) is 



zn 



n exp{-^((-/^f) + A)^-(-t + /.)2)}^ 1 

^ / — ^ — n ri(^-^fc)TT^i — TT, (2.19) 

/ ^ J-J-^ ii T (n) _ , (n) ' V ^ 

j=l "'j ^ k=l k^j "'j "'k 



where the integration with respect to t is taken over the imaginary axis. 

We will replace now the integral with respect to t to that over L parallel to the 
imaginary axis and lying to the left of all {h^"^}'^^^. To do this we consider the rectangle 
whose vertical sides lie on the imaginary axis and on L, and the horizontal ones lie on 
the lines = ±R. The integral f l2.19p over this contour is zero, since there are no 
singularities inside the contour. The integrals over the horizontal segments of the contour 
tends to zero, as i? — >■ oo, because of the term in the exponent of (12.191) . Therefore, 

the integrals fl2.19p over the imaginary axis and L are equal. 

Now using the residue theorem for the contour over f , we can get that 



d 



-n 



t/.. exp{-^((-. + A)--(-t + ,)-)} n 
27r.r 27r v-t il \y - h^^) / ' ^ ^ 



L C 



where the contour C has all {hY^}^^^ inside and does not intersect L. 
To finish the proof of Proposition we need 

Lemma 2. Let {R^^}rn>i be defined in \1.3\) . = . . . = ^Zm = —e < and ^zj = Xj 
are distinct. Then 

R^-\X,, ...,Xm)= lim 4e I n ^ ^"^ir— \ ■ 

Proof. Let {Xf^'^yf^i be the eigenvalues of the matrix To make the proof more clear, 
let us consider the cases m = 1 and m = 2.^ 

1) m = 1. Putting in (II. 3p <^i(A) = 53- we have 

A — z 

It was proved before that the l.h.s. of flOTD has a limit, as e ^ (see (|2:3D. (|235|) . (I2m) 
and (I2.20p ). Therefore the r.h.s. of (12.211) has a limit too. Hence, according Stieltjes- 
Perron formula, the measure R^^^ {d jj) has a density -R^""* (/i) and this density is equal to 
the limit of the l.h.s. of (I2.2ip , i.e., Kn{fi,fi). Since Kn is defined by the integral (I2.20p . 
is bounded. 

2) m = 2. Putting in (O) ^i(A) = 53-^53-^, ^2(Ai, A2) = ^3— ^ — 9- ^ 



X — Zi X — Z2 Ai — A2 — ^2 

we have 
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Consider the limit of the integral 

where '^zi = '^Z2 = —e, = Ai, 3?Z2 = -^2 and Ai 7^ A2, as e — 0. It is easy to see that 

Let us make the change ez/ = Ai — yU. We obtain 

eB!i\\i — ei')dh' 



h = - 



(z/2 + l)((A2-Ai + £Z/)2 + £2)' 

1 — ev) is bounded (as it was proved before), and so, 



lim Ji = 0. 

£^0 



Now consider the integral 



J \I^1-Zij \fl2-Z2j 



Since we proved that lim/i = 0, the limit of J2, as e — 0, is equal to the limit of the 
l.h.s. of (12:2211 (which exists according to fl2:3D. fl2J[5ll . fl2T7D and (ESQ])). Again by the 
Stieltjes-Perron formula the measure R'^\d fii,d H2) has a density R'^\fii, ^2), and this 
density is equal to the limit of the l.h.s, i.e., det{Kn{fii, fij)}jj=i. Since Kn is defined by 

the integral ^M>, R^^ is bounded. 
Therefore, 

hm |» IV TT^^ Tr — ^1 = n'RP{X^, A2). 

£^0 TT^ [ Hn- Zi Z2) 

For m > 2 the proof is similar (we should use that R^"\ . . . , -R^li are bounded). □ 

Now f l2.15p . fl2.16p . and Lemma [2] yield formula (12. ip for the correlation function (ll.3p . 
where Kn is defined by (I2.20p . The multiplier exp{/i^ — A^} vanishes during the calculation 
of the determinant, and so we can omit it. Finally we have formula (12. 2p . □ 



3 Proof of the Theorem [T]. 

In this section we will prove Theorem [H using (12. ip and making the limiting transition 
in (12. 2p . Putting in formula (12. 2p A = Aq + X'/n and yU = Aq + fi'/n, we get: 

Kn{X,i2) = -n — (b — expjvA -tfi} — ^ , (3.1) 

L C 

where 

Sniz, Ao) = - + -TH^ - hf^) - -^0^' (3-2) 

i=l 
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and C is an arbitrary contour having all {/ij"^}"^^ inside, L is a line parallel to the 
imaginary axis and lying to the left of C. Formula (12.11) reduces (II. 6p to the proof of the 
following relation: 

lim L^ir„(A,/x) = S(A'-/^'), 

where 5* is defined in (II. 7p . 

We will choose now the contour C as follows. Define 



and consider the equation 



z-g(^\z) = \. (3.4) 

Equation (13.41) can be written as a polynomial equation of degree (n + 1) and so it has 
(n+ 1) roots. Considering the real z and taking into account that if z ^ /i^"^ +0, then the 
l.h.s. tends to +oo, and if 2; — > /i^"'' — then the l.h.s. tends to —00, we have that n — 1 of 

these roots are always real and belong to the segments between . If A is big enough, 
then all n + 1 roots are real. Let 2;„(A) be a root which has the order A — 1/A + 0(1/A^), 
as A 00. If A decreases, then Zn{X) will decrease too, and coming to some A^ the real 
root disappears and there appear two complex ones - Zn(A) and Zn{X). Then -^^(A) may 
be real again, than again complex, and so on, however as soon as A becomes less then 
some Ac2, the root becomes again real. Choose C„ to be the union of two curves - -z„(A) 
and Zn(A), corresponding to A such that Qzn{X) 7^ 0. It is clear that the set of such A is 

k 

[j Ik, where are non intersecting segments. It is easy to see also that the contour 

i=i 

Cn is closed and has all {h^J^^}^^^ inside. 
Let us consider the hmiting equation 



z - g^'^Hz) = X, where ^W(^) = / (3.5) 

J X- z 

where A G M is fixed. We have 

Lemma 3. Equation ^3. 5]) has a unique solution in the upper half-plane '^z > 0, if 
X G suppA^, and has no solutions, if X ^ suppA^. The solution is continuous in X in the 
domain where it exists. 

Proof. Set 

f NjdX) 

Then we have |1] 

g{z)=g^'\z + g{z)). (3.6) 
Note, that the measure N is absolutely continuous. Indeed, it follows from (13.61) that 



\^z 



+ %|Ar(o)(rfA) ^ 1 _ 1 



{X-^z- ^gy + {Qz + %)2 ^ 1% + 53^1 |%| + I'^z^ ' 



thus 

l%l < 1- 
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According to the standard theory, it means that there exists hm Qg{X + ie) and so the 

£— >+0 

measure is absolutely continuous. 

Put z{\) = X + iO + g{\ + 2 0), if A G supp N. Using (13.61) . we obtain that 

ziX) - g^'\zi\)) = \. 

Hence, the solution exists if A G supp A^. It is easy to see that the contour Coo constructed 
by the union of the curves z{X) and z{\), intersects the real axis at the points where 

1_ A^(0)(3;) >0. 

ax 

Let us prove the uniqueness of the solution. Let z = x + iy he a solution of (13.50 . 
y > 0. Then, considering the imaginary part ( 13. Sp . we obtain 

Ar(o)(dA) , , 

^ ' I. (3.7) 



[X - A)2 + ?/2 



If X is real and outside Coo, then 1 r~fi'^°''(^) > O5 hence 

ax 



(x - A)^ 
thus 

Ar(o)(rfA) /•Ar(o)(rfA) 



X- A)2 + ?/2 < y (x- A)2 ^ ^' 

and there are no solutions. If x is inside Coo, then the solution with respect to y is unique 
(since the r.h.s of (13. 7p is monotone in y) and this solution is found already, it is z{X). 
For this solution z — g^'^\z) belongs to supp A^. So, we are left to prove the continuity 
of z(X). Let Ao G suppA^. Consider F(z) = z — g^'^\z) — Aq and fx{z) = Aq — A. It 
was proved before that F{z) has a unique root -2(Ao) in the upper half-plane. Denote 
uj = {z : \z — ^(Ao)| = e}. There exists 6 > such that |-F(-2)| > S. Therefore, if 
A G Us{\) and 2; G a; we have 

|F(^)|>5>|/(;.)|. 

It follows from the Rouchet theorem that for any A G Us{X) the function F{z) + f{z) = 
z — g'^'^^z) — A has the same number of roots as F{z) inside u, i.e., one. This proves the 
continuity of z{X). The lemma is proved. □ 

Let us study the behavior of the function 3?S'„(2„(A), Aq) of (13. 2p on the contour C„. 

Lemma 4. Let z belong to the upper part of Cn, i-e., z = Zn{X) = a;„(A) + iyn{X), 

k 

Unix) > 0, A G [J Ij, where 

z^{X) - g^^\zn{X)) = X. (3.8) 
Then ^ Sn{zn{X), Aq) > 0, and the equality holds only at X = Aq. 
Proof. The real and the imaginary parts of (13. 8p yield for Xn = ^Zn and ?/„ = '^z 



n- 



X (X) - 

xJX) + - > 7-^ — = A 



1 




U^nix) - hfy + vlix) 

l/n(A)|l-->^ 1 =0 

' ^ ^' -^(x„(A)-/.f))2 + y2(A) ' 
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(3.9) 



Differentiate fl3.8p witli respect to A: 

<(A)(l-^^?i°)(^n(A))) =1, i.e., 

4(A) = (l - (^n(A))) \ (3.10) 

where gn\z) is defined in (13. Sp . 

It follows from the implicit function theorem that C„ intersects the real axis at the 
points where 

Since 

d 

-9 

: n 

J 

d d 
the inequality 1 :;—Q^Hx) < holds near h^"'\ Thus, the function 1 :;—Q^Hx) is 

always positive outside C„. On the other hand, Zn{X) = a:„(A) outside C„ and in this case 

<(A)=4(A)= (^l-^^?i°H^„(A))) '>0. 

k 

Now let A e U Jj, i.e., Zn{X) belongs to C„. We get from ( 13.10^ 

5^4(A) = <(A) = ( ( 1 - (^n(A))^ - """^^^ 



where 

an(A) =3?(l-^^f (z„(A)) 
&n(A) = 53 (^1 - (z„(A)) 
and hence 

^ {x^{X) - hf^f - yl{X) 
a„ A =1 > j—\ 

^ U ^^^n{X) - hf^f + yl{X)y 

Taking into account that ?/n(A) 7^ 0, we obtain from (13.90 that 



(3.11) 



i = -y . (3.12) 



This and the previous equation yield 



M)^iy^ ^^n(^) >o (3 13) 
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It follows from fl3.1ip and fl3.13p that in this case x'^{\) > too (if only ?/„(A) 7^ 0). 
Hence, x„(A) is a monotone increasing function defined everywhere in M. 

Consider 3fJS'„(z, Aq) on the upper part of C„. Substituting the expression Zn{X) = 
a^n(A) + iynW into ( 13. 2p . t/n(A) > 0, we obtain 

^SrXzniX), Ao) = "^'W-y'i^^ + igfj^in(^„(A) + ^y„(A) - /if - Aox„(A) + C. 

Differentiating this equality and using fl3.12p . we get 

3?^„(z„(A), Ao)' = <(A)(A - Ao). (3.14) 

Since a;^(A) > 0, the function ^Sn{z, Aq) has a minimum at A = Ao, and since 
^Sn{zn{Xo) , Aq) = 0, 3fJS'„ (^^ ( A) , Aq) > and the equality holds only at A = Aq. 

Note that the lower part of Cn differs from the upper one only by the sign of yn{X), 
hence ^Sn{z, Aq) > 0, z E Cn and the equality holds only at z = z{\q) and z = -2(Ao). □ 

We will prove a similar fact about the behavior of ^Sn{z,Xo) along the line L„ : 

Cn{y) = Xn{Xo) + iy. 

Lemma 5. Consider the part of L„, lying in the upper half-plane y > . On this part 
^Sn{z, Ao) = ^Sn{Cn{y), Ao) < and the equality holds only at y = ?/n(Ao)- 

Proof. The function ^Sn{z, Ao) is on L„ 

2 / \ \ _ 2 1 " 

^S^aiUy), Ao) = 'I ^ + -3? Vln(x„(Ao) + ty - hf) - Aoa;„(Ao) + C. 

i=i 

Differentiating this with respect to y, we obtain 



n ^ 

Taking into account that the function > - — -— — is monotone in y, we have 

jr[M\o)-hjf + y^ 

from (13.1 2p that y = ?/„(Ao) is a maximum point of ^SniCniy), Xq). Similarly ioi y < 
the maximum point is y = — i/n(Ao)- Therefore, ^Sn{z,Xo) < on L„ and the equality 
holds only at z = z{Xo) or z = 2;(Ao). □ 

Thus, we have proved that 

3fJ(n(S'„(t,Ao)-5„(t;,Ao))) <0, (3.16) 



and the equality holds only if v and t are both equal to -2(Ao) or -2;(Ao). 

We need below also the second derivative of ^Sn{z, Xq). Assume that A G Us{Xo), 
where Us{Xo) is an interval (Aq — 6, Xq + 6). We get from (13.140 

^i-SnizniX), Ao))" = -x^A) + x::(A)(Ao - A). (3.17) 

Lemma 6. There exist n-independent c > and 5 > such that 
^{-Sn{zn{X),Xo))" < -cfor any X G UsiXo). 
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Proof. To prove the lemma it is sufficient to show that x'^{X) is bounded uniformly in n 
and that x'^{X) is bounded from below by a positive constant uniformly in n in some small 
enough neighborhood Us{Xo) of Aq. Thus, we will show that x'^{X) > C for all A e Us{Xo). 
We have from (13.10p 

d (Q), /\\\\ \ o,n(X) 



5^<(A)=<(A) = 5R (^,(A)) 



where a„, 6„ are defined in (13. lip . Note that 



\bnW\ 



1 " 2yr,{X){xn{X) - hf) ^1 " 

r) .^-^ //„ ^\\ !,(")n2 I „.2/\\N2 ~ n ^-^ 



^ U ii^niX) - hfy + yliX)) 



2\yM\\MX) - hf)\ 



J < 



1 

<-Y r-. = 1. 



Hence 



Use now the following fact, which will be proved after the proof of Lemma [6l 
Lemma 7. There exist n-independent Ci and C2 such that 

k„(A)|<Ci, |y„(A)|<Ci, |2/„(A)|>C2, |<(A)|<Ci, (3.19) 

for all X G t/<5(Ao), where n-independent 5 small enough. Moreover, 

< ci < a„(A) < C2, A G f/5(Ao), (3.20) 

/or some n-independent Ci and C2. 

This lemma and (I3.18P yield that x'^{X) > C for all A G Us{Xq) and since x'^ is bounded 
uniformly, the second terms in (I3.17P is of order 5. Lemma [6] is proved. □ 

Proof of Lemma [T]. We use Lemma [31 Consider the solution z{X) of the limiting 
equation (13. 5p . Since Aq G suppA^, Q'2;(Ao) = A > 0. Taking into account the continuity 
of z{X), we can take a sufficiently small neighborhood Us^{Xq) such that for A G Us-^{Xq) 

\z{X)-z{Xo)\<e/2. (3.21) 

Note that we can choose Ao-independent 5i, since z{X) is uniformly continuous. 

Consider the set of the functions fx{z) = —g^^\z) + ^ — A and the function 0(z) = 
—gn\z) -\-g''^\z), where g^^\ gn^ are defined in (13. 50 . (13. 3p . and set uj = {z : \z — z{Xo)\ < 
e}. Let us show that for any A G Usj^{Xo) and z E dut 

|/aWI>Co, (3.22) 

where Cq does not depend on A. Assume the opposite and choose a sequence {Xk}k>i,^k ^ 
^<5i(Ao) such that \ fxi^{zk)\ ^ 0, as A; — > 00. There exists a subsequence {A^^}, converging 
to some A G Us^{Xo) such that the subsequence {zk^} converges to 2 G du. For these 
A and z f\{z) = 0. But equation fx{z) = has in the upper half-plane only one root 
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^(A), which is inside of the circle of the radius e/2 and with the center z{Xq). This 
contradiction proves (13221). Since ^f(^) 

uniformly on any compact set of the 
upper half-plane (recall weak convergence Nn^^ — > N'^^^), we have starting from some n 

\(j){z)\ < Co, ze duj (3.23) 

Comparing fl3.22p and f l3.23p . we obtain that starting from some n 

\f\{z)\ > \(j){z)\, zedu, VAGf/5,(Ao). 

Since both functions are analytic, the Rouchet theorem imphes that f\{z) and fx{z) + 
(f){z) = z — gn\z) — A have the same number of zeros in u. Since fx{z) has only one zero in 
uj, we conclude that -2„(A) belongs to u, x„(A) and ?/„(A) are bounded and ?/„(A) > C > 
uniformly in n if A G Us{Xq), where 6 one can take equal to 6i. Since Zn{X.) is analytic, 
we proved also that x^(A) is bounded uniformly in n if A G Us{Xo). 

Note that we have proved also that for any Aq such that p(Ao) > and for any e > 
there exists S such that for any A G Us{\o) and any n > N{6,e) 

\zn{X)-z{X)\ < 2e. 

Observe also that we can take an interval (a, b) C supp such that Aq G (a, b) and for 
all A G {a,b) p(A) = n^gi^X + z ■ 0) = Qz{X) > 0. Thus, we proved that -2„(A) z{X), 
n ^ oo uniformly in A G (a, b). 

Since gn^ is analytic, -;—gn^ — >■ ^5'*-°^ also uniformly on any compact set of the upper 

dz dz 

half-plane. Recall that a„(A) = 3? ^1 — ^fi'i°H^n(A))^ . Since Zn{X) G if A G Us{Xq), it 
suffices to prove ( 13.20^ for 



But if for A G Us{Xo) x„(A) and ?/n(A) are bounded, y„(A) > C > uniformly in n, 
and suppA^*^°^ is bounded, the r.h.s. here is bounded from both sides by some positive 
constants. □ 

According to Lemma E] and by the hypothesis of the Theorem [T] 

3? (-^„(^„(A), Ao)) < -c^^^^, A G UsiXo). (3.24) 

Since ——^{Sn{zn{X),Xo)) has the unique root A = Aq, the function 3? (S'„(2;„(A), Aq)) is 
d X 

monotone for A 7^ Aq and we have outside of Us{Xo) 

3?(-^„(z„(A),Ao))<-c^. (3.25) 
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Apply analogous argument to the neighborhood of Zn{\o) on L„. We have from fl3.15p 



3fJ(5„(z„(y),Ao)r = -l + -V 

n ^-^ 



1 " 

--E 



n 

-E 



n ^ ((x.(Ao) - hf^Y + y^) ■ ((x„(Ao) - hf^f + yl{\,)) 
^^((a;.(Ao)-/i$'^))2 + Z/T 

(3.26) 

Consider ?/ G f/5/2(y(Ao)) (y(Ao) > 0) and recall that ?/„(Ao) G f/5/2(y(Ao)) starting from 
some n. Hence, if n big enough 

ll/n(A) - y| < 5. 

This and (13:261) yield 



hence, 



^{Sn{Uy). Ao))" < -C, if 1/ G t/5/2(y(Ao)), 

3f£(5„(Cn(y), Ao)) < -c . 



(3.27) 



d 



Since ^3fJ(S'„(Cn(z/)5 Aq)) has the unique root y = yn{\), the function 3?(5'„(Cn(y)5 Aq)) 
dy 

is monotone for ?/ ^ yni^o) and we have outside of Us/2{y{Xo)) 

5^ 



3?(^„(C„(i/),Ao))<-c- 



(3.28) 



rf2 

Besides, since — 3fJ(S'„(C„(y), Aq)) -1, as y ^ oo, uniformly in n, ^^(^^(^(y), Aq)) is 

convex. Hence we get for some fixed segment [—K; K] (we can take n-independent K, 
taking into account that z„(Ao) is in some neighborhood of z{Xo)) 



^{SniCniy), Ao)) < -Cl\y\ + C2, Ci > 0. 



(3.29) 



Denote Ui = Us{Xo), U2 = Us{y{Xo)). Using formulas ^M),^2E), (131271) and ([328] ), 
we obtain for sufficiently big n 



( 



< C 




, exp{n(5'„(t, Ao) - Sn{v, Ao))} 



v-t 



Ln Cfi 




exp{af?(ra(5'^(Cn(l/), Aq) - Sn{zn{X),Xo)))}\z'J,dXdy 

- - - - , \Zn{X) - Cn{y)\ 

\U2 Ul U2 Cn\Ul L„\U2 Ul j 

\z'{X)\dXdy ^ ,^ , r ^(^^i ^ r (^-1)(^^. 
;V . ,\\ ^C^-\Cn\- exp{-c— } + ■ exp{-c ^ }, 

^n(A) - Cn(l/)| 2 2 

(3.30) 



< c 
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where |C„| is the length of the contour C„. Note that 

K{X)\dXdy ^ f f KWldXdy 




\zn{X)-Uy)\~ J J ^/(l - cosa„ + o(5))(|^„(A)P + |Cn(2/)P) ' 

U2 Ui U2 Ui 

where a„ is the angle between C„ and L„ at the point z(Xo), i.e., cotofn = ^"^ °| ■ Since 

x'^{Xo) 

x^Ao) > c > 0, cosa„ < 1 — e, we have 

<iX)\dXdy ^^f r KiX)\dXdy 




v/(l-C0S«„ + 0(5))(|;.„(A)|2+|C„,(y)|2) - 7 7 Vkn(A)|2+|C„(y)P 

(3.31) 

Now we need the following 
Lemma 8. The length oj the contour Cn admits the bound: 

\Cn\<Cn. 

Proof. We will find the bound for the length of the part of C„ between the lines x = xi 
and X = X2, a;2 — a;i = 2. Denote 



(3.32) 



y'^{x) = s{x), X — /i^"'' = Aj, 

1 ^ 1 _ 1 ^ a;. , _ — , 

^^-n^(AfT7F' ^^'-n^(AfT7F 

J=l ^ J ' J=l ^ J ' 

Differentiating (13.121) with respect to x, we obtain the equality 

~''n^ (A2 + 5)2 - - (A2 + 5)2 - 

implying that 

\s'\ = 2\cr2iW2^ < 2(T22^(T2"^^^ < 2(T2"^^^ < 2cr~^^^ = 2. (3.33) 
Differentiating (13.121) with respect to x twice, we have 



s" 



, ,1 " A, A 2>A(A2 + s)2-4A2(A2 + s) ^ ^ 



(Af + s 3 / (Af + s) 



or, in our notations 

s"a2 - 2(s') V3 - 8SV31 + 2(4s(T3 - 3(T2) = 0. (3.35) 

Note that 

1 " 1 " 1 

= ^ ^ < 1 1 ^ 

^ (A2 + s)3 - n ^ (A2 + sY 
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and also 

""^^^ ~ I n ^ (A? + s)3 I - (A? + s)3 ■ n ^ (A? + s)3 " 

Using this inequality, we get from (13.351) 

sV2 = 2(s')V3 + 8SV31 - 2(4sa3 - 3^2) = 2^X3 {s' + 2^31/^3)' - 8or3\/a3 
-8sa3 + 6(T2 > -80-I1/0-3 - 2a2 > -IO0-2, 

or 

s" > -10. (3.36) 

s'(x) 
l\/ s{x 

and let l{x) be the length of Cn between xi and x G [xi, X2]. Then we have 



Let X* G [xi; X2] be the maximum point of y(x), and y'(x) = 1^ > when x E Ixq, x* 

2-v/s(z) 



/(X,)-/M= y Vl + (l/'(x))2cix = 



< f il+ ^^-^ ] dx = {x^ - Xo) + ^/sl - ^/s^ < (x* - Xo) + Vs* - So, (3.37) 

y \ 2a/s X / 



xo 



where = s(x^,), So = s(xo). Taking into account that s'(x^,) = 0, we write 

_ S"(0(XO-X,)2 
So — — ^ , 

where ^ G [xo,x*]. This and (I3.36P imply 

< — So < 5(xo — x*)^. 

Hence, we get in view of (13.371) 

/(x,)-/(xo) < (l + v^)(x*-xo). (3.38) 

We have similar inequality for xq > x* and y'{x) < 0, x G [x*,xo]. Take an arbitrary 
Xo G [xi;x2] and denote x^ the nearest to xo maximum point of y{x) in [xi,xo]. Then, 
splitting [xi,x^,] in the segments of monotonicity of y and using (13.331) . (13.381) . and its 
analog for decreasing y{x), we obtain 

Xo xo / \ 

l{xo) = /(x*) + / l'{x)dx < (1 + v^)(x* - xi) + [ ( 1 + ^^^!jL I dx 



Xji 



2^x) 

< (1 + v^)(x* - Xi) + (xo - X*) + a/Iso - s*| 

< (1 + V5){x^ — Xi) + (xo — X*) + V2y/xo — X* < Cy^Xo — Xi, (3.39) 

where the last inequality holds, because |xo — x^l < |xo — xi| and |xo — xi| < 2. Hence, 



lix2) < CVx2 - xi < C. 

It follows from fl332D that dist(x„(A), {/if ^}^=i) < 1. Therefore, we can cover C„ by the 
n stripes of the width 2 and thus we obtain that |C„| < Cn. □ 
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Using Lemma [HI f!3.31l) and (13.301) we get that 

lim / ^ / ^ exp{ V - ,yfMn{Sn{t,Xo)-S„iv,Xo))} ^ ^ ^3 
5^0 J 2tt J 271 ^ ^ v-t ^ ^ 

Ln Cn 

Recall that 

dt r dv exp{n{Snit,Xo) - Sniv,Xo))} 



/ A \ f dt f dv , , , 

Kn{X,n) = -n — (b —exp{vX -t^}- 



v-t 



Cn 



Change the order of the integrations and move the integration over t from L to L„. To 
this end consider the contour Cr^s of Fig.l, where R is big enough 



It is clear that the integral with respect to t over this contour is equal to the residue 
at f = t for any v between L and L„: 

dt r w , M exp{n(^„(t,Ao) -5n(v,Ao))} . . , , 

— expjf A — til I = I ■ expjf (/i — A )|. 

zvr V — t 

If V does not lie between L and then we can find 5 such that v is inside of the contour 
Cr^s for any e < 5. Therefore, we have for sufficiently big R and for e — >■ 



1- f dv [ dt , ^1 



exp{n(S'„(t, Ao) - Sn{v, Ao))} 



v-t 



e- 

2n(Ao) 

^ f r /w /X. , r /^ WW /M sin(|/„(Ao) (A^ - /iQ) 

= -7^ / exp|t;(A -/ijjdt; = exp{x„(Ao) (A -^)| — . 

z„(Ao) 

Integrals over the lines = ±R have the order C e""^^''^, and we get for R ^ 00 
J 271 J 271 v-t 

Cn L[JL„ (3.41' 

r /^ WW ,^^ sin(y„(Ao)(A^-/iO) 
= exp{x„(Ao)(A -^)} _ ^.^^ • 
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Thus, adding fl3.4ip and (I3.30p . we obtain 

1 f dt r dv , exp{n{Sn{t,Xo) ~ Sn{v,Xo))} 

n J 2tt J 2tt V — t 

^ exp{vX' - ^^f^^^PM^nit, Ao) - Sniv, Ao))} 




27r / 27r / ' ' v -t 

dv r w ^ exp{n{Sn{t,Xo) - Sn{v,Xo))} 



f dt f dv r , / /T < 



Ln Cn 



v-t 

(3.42) 



r t\ ,NTsin(?/„(Ao)(A'-/i')) 

+ exp{x„ Ao A - ^ I — 

n{X' — fi') 

r t\ \(\' /uSin(y„(Ao)(A'-/i')) , 
= exp{x„(Ao)(A' - jj,')} — + o(l), n^oo. 

Note that in the proof of Lemma[7|we have shown that Zn{X) —* z{X) as n — >■ oo uniformly 
in A G (a, b) C supp N, where Zn{X) and ^(A) are the solutions of equation (I3.4p and (13. Sp . 
Hence we have lim ?/„(A) = y{X) = 7rp(A) > uniformly in A G (a, 6). Besides, it follows 

n— >oo 

from ( ]3.42p that for Pn(A) = — -ft'„(A, A) the inequality |— i^„(A,A) — yn{X)\ < e holds 

uniformly in A G {a,b), since all bounds were A-independent. Therefore we have proved 
that p„(A) p(A), as n — > oo, uniformly in A G (a, 6). Now we obtain (11 .Op by using 
(EH) and (13:421) . 



4 Proof of the Theorem 2 



We start from the following 

Lemma 9. Let gn^ and g^^^ be defined in l{3.3\) . l[37^) . Then we have under conditions of 

\imP{\gl^\z)-g^'\z)\>e} = (4.1) 

n— >oo 

uniformly in z from compact set K in the upper half-plane. 

Proof. Note that it suffices to prove (14. ip for any z E K. Indeed, let {zjYj^i be a e-net 
of the compact set K. Then there exists such that for any n > N and for any 6 > 



(0)/ 



g^'\z,)\ > s}} <J2^{\gl^^iz,)-g^'\z,)\ > e} < S. 



Besides, for any z & K there exists z^ G {zj^^^^ such that \z — Zk\ < e. Therefore since 



A„(o) 
dz^'' 



< l/'^^z, 



dz 
Ml 



gl^^{z)-g^'\z)\ < \g^:^^{z,)-g^'^{z,)\+2s/^''z. 



M 



(0)1 



Hence, taking into account that Qz is bounded from below by a positive constant for 
-2 G i^, we have for any n > N 



P{\gl^\z)-g^'>{z)\<Ce}>l-6. 



M 
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We are left to prove that fl4.ip is valid pointwise. Since 



there exists A such that 



(4.2) 



|A|>^ 



Set 



1 



/(A) 



X-z 



(AgM), /A(A) = <i X-z' 

0, 



Xe[-A,A], 
X^[-A,A], 



and let be a piecewise constant function on the segment [-A,A] such that 

\nX)-UX)\<e. 
If /^(A) = fj, Xe Aj, j = T^s, then we have from fl^ 



(4.3) 



;W(^)-^W(^)|< 



/(A)rfiVr(A)- / /^(A)rfiVf(A) 



+ 



/^(A)diVf (A) - / /^(A)rfiVo(A) 



fAiX)dNoiX) 



/(A)rfiVo(A) 



Besides, it follows from fl4.3l) that 



/^(A)rfiVf(A)- / fA{X)dNo{X) 



(4.4) 



A(A)diVf (A) - / fA{X)dNo{X) 



< 



/A(A)rfiVf (A) 



- / r(A)diVf)(A) 



r(A)rfiVW(A)- / r(A)diVo(A) 



r(A)rfiVo(A) 



- / fA{X)dNo{X) 



<2e + 
We have also that 

r(A)diVf (A) - / r(A)ciiVo(A) 



r(A)rfiVW(A)- / r(A)rfiVo(A) 



(4.5) 



(4.6) 



and by the condition of Theorem [21 for any 6 there exists N such that for any n > N 



P{[j{\N^^\^,)-N^'\^,)\>e}}<5. 



(4.7) 



Now the assertion of lemma follows from (14. 41) . (14. 5 1) . (14.61) . and (14.71) . 



□ 
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Let us take the disk u = {z : \z{Xq) — z\ < e} as the compact set K. Taking into 
account (14. ip . we have that for any small 5 there exists N such that for all n > the set 
of events VL^ such that 

\g^:\z) - g^'\z)\ < e (z e u), 

satisfies the condition Pjfie} > 1 — 6. 
We want to find for any m 



lim } .. i?^) f Ao + — ^7-^ 



X. 

Ao + 



^Pn (Ao) 



= lim {det {^TT-rKn f Ao + Ao + ^^"l || • (4-8) 

Note that the argument used in the proof of Theorem [1] remains valid for all events from 
Q^. Using the uniform bound for ^Kn{X, A) which will be proved below (see Lemma [TOl) 
we can see that the contribution from \ fi^ can be bounded by C6. So, we can divide 
byPn(Ao) = iEW{ir„(Ao,Ao)}. 

Choose small e and S and split E^'^^j. . .} in (14.81) into two parts: the integral over il^ 
and the integral over its complement. We can repeat the arguments used in the proof of 
Theorem [1] for the integral over to obtain the property (11. 6p . To bound the integral 
over the complement of we use 



Lemma 10. We have for any set and for any A = Aq + A'/n 

< (4.9) 



1 



K^{Xo + X'/n,Xo + X'/n) 

n 

where Kn is defined in \2.^) . 

Proof. As in the proof of Theorem [H take Cn as a contour C and move the integration 
with respect to t from L to L„. Using (I3.4ip as in (13.420 we obtain 

lir„(A,A) = - / ^ / ^ exp{y(.-t)}^"P^"^^"^^' - - (4.10) 

n J 2-K J 2tt V ~ t IT 

Ln Cn 

If j/n(A) 7^ 0, then (I3.12p implies that |?/n(A)| < 1, thus ?/n(A) is bounded uniformly in n 
for any A, in particle, for A = Ao. Hence, to prove the lemma it is necessary and sufficient 
to check the uniform bound for the double integral in (14.100 . 
We need the following 

Lemma 11. Let J = [x„(Ao); a;„(Ai)] moreover \ J\ = 1. Then there exists n-independent 
constant 6, such that 

|3?5„(z„(Ai),Ao)-3?5„(z„(Ao),Ao)| >5/ln''^- (4.11) 
The lemma will be proved after the proof of Lemma [TUl 

Consider the integral in (I4.10p . Let / = [a;„(Ai), x„(A2)] be a segment such that 
\xn{Xi) - x„(Ao)| = \xn{X2) -x„(Ao)| = 1. Siucc 3?S'„(2;„(Ao), Ao) = 0, according to 
Lemma [TT] we have 

^Snizn{X),Xo) < -S/ln''n 
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outside of / for some n-independent 6 > 0. Hence, since length of C„ is 0(n) (n — >• oo) 
(see Lemma [8]) and the integral with respect to t is bounded, the whole integral over this 
part of Cn is bounded uniformly in n. 

Therefore, we should bound the integral over that part of C„, where x„(A) G /. Note 
also that if Qt is big, then the integral is evidently bounded by some constant (expression 
under the integral decrease exponentially at the infinity), thus it suffices to bound the 
integral 

dt f dv , exp{n{Sn{t,Xo) - Sn{v,Xo))} 

expjA [v — t)\- 



27r J 27r ' ' v-t 
where J is a finite segment of L^. In view of the bound 



J V(x-xo)2 + (t-i/(x))2 - J \x-xo\ + \t-y{x)\- 
wheYe Xq = x„(Ao), we have to estimate the integral 

jiln\x-xo\'^ + C)l'{x)dx, (4.12) 

where l{x) is the length of the part of C„ between xq and x. We find from (13.391) that 

— ln(a; — xq) < — Cln/(a;), 
and, therefore, we obtain for (I4.12p 

{\n\x-Xo\~'^ + C)l'{x)dx < j {C + \nl{x))l'{x)dx 
= C ■ l{xi) - l{xi) ln/(xi) < C. 

□ 



Proof of Lemma IllL Consider two cases. 

1) Let there exist a segment A = [xn{^i); Xn{^2)] C J, such that |A| > l/(21n^n) and 
if x„(A) e A, then |y„(A)| > 1/(2 In^n). 
We have from (|3?14|) 

Ai 

^Sn{zni\i), Ao) - 3?S'„(z„(Ao), Ao) = J x'^{\){\ - \o)d\ 

Ao 



> [ x'MiX-Xo)dX>^^^-^ mill x'M (4.13) 

According to (13.111) 



2 



aUX) + bl{X) - a„(A)- 
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Using the notations (13.321) . we get from (13.131) 

a„(A) = 2yl{\)a2 > {V2y4X)a,)' = 2yl{\). 
Hence, we have for a;„(A) G A 

a„(A) > 1/(2 In^n), 

and 

<(A) < 21n^n. 

Therefore, 

1/(2 In^n) < |A| = x„(6) - x„(ei) = - ii) < 21n^n ■ (^ - 6), 



I.e., 



Using (13.321) and the Schwartz inequahty, we obtain 

hl{\) = {2yn{\)a2if < 2^22 ■ 2yl{\)a2 = 2a„(A)(T22. 

This, (EUD, fl37[3D and (^J^ yield 

, _ an(A) ^ an(A) _ 1 _ 1 

''"^ ^ " a2(A) + 62(A) - aliX) + 2a„(A)a22 " a„(A) + 2^22 " 2' 

Now, returning to (14.131) . we get 

gfJ^„(z„(Ai), Ao) - 3fJ5„(z„(Ao), Ao) > iil^lll! min ^^(A) 



8 - 1281n'^n 

So the assertion of lemma is proved in this case. 

2) Consider now the case when there is no segment A, described in the case 1. Then 
the segment J has inside at most n/ln^n of {h^"^}^^^. Indeed, assume the opposite, let 
J have inside more than n/ In^ n of {/ij"''}"^]^. Split the segment J into segments with the 
length 1/(2 In^ n). One of these segments (denote it by Ji) contains more than n/ (2 In^ n) 
of {/ij"'^}"^!. Consider A such that x„(A) G Ji. We have for such A and any /i^"-* G Ji 

\xn{X)-hf^\ < 1/(2 In^n). 

Since Ji contains more than n/(21n^n) of {h^"^}, we get from (I3.12p 



n 



1 1 

> 



:r (x„(A)-/if))2 + y2(A) - 21n^n 1/(4 In^ n) + y2(A) ^ 
and, hence, we obtain for such A 



\yn{X)\ > ^l/(21n')n- 1/(4 ln%) = 1/(2 In^n), 
which contradicts to our assumption. 
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Thus, the segment J has inside at most n/ \v? n of {/ij"^}"^^ in this case. Let us show 



3 J J = 

now that there is a n-independent constant 5 such that 

|3?5„(z„(Ai),Ao) - 3?5„(^„(Ao),Ao)| > 5. 

Consider the function 



Sn{z, Ao) = ^ + - V Hz - hf^) -\^z + C. 
1 n ^-^ ■' 



(4.14) 



(4.15) 



We have for this function 



|3?5„(z„(A),Ao)-3ft5„(z„(A),Ao)| 



{")\2 



yn(A)) 



< 



Inn 
2Wn 



0. 



Therefore, it suffices to prove (14.141) only for ^^(^^(A), Aq). We know that 9ftS'„(2;„(A), Aq) 
is monotone for A G J. Taking into account that the difference between '^Sn and 3?S'„ 
converges to zero uniformly, it suffices to find two points x„(A) and XnifJ') in J such that 



|g?5„(^„(A),Ao) -3?5„(^„(/i),Ao)| > 5 



(4.16) 



for some ra-independent 6. 

Replace J by the segment J', obtained from J by the exclusion of a small e-neighbor- 
hood of its endpoints. Note that 



6 



n 



E 



1 



(x-h^rY 



(4.17) 



Split J' into three segments and choose an arbitrary c < 1. It is evident that the forth 
derivative (14.171) is convex, and, hence, one can choose such third of J' that 



d' 



d\^ 



^Sn{Xn{X), Ao) 



> c or 



3?S'„(x„(A), Ao^ 



< c on it. 



If 



d^ 



dX^ 



3?S'„(x„(A), Ao) 



> c for this third, then use the following elementary 



Proposition 2. Let f be a C^[a; b] function. Assume that there exists a constant A > 
such that 

> A, X e [a; b] 



dx^ 



fix) 



Then there exist C = C{A, \b — a\), and 6 = 6{A, \b — a\), and segments Ai, A2 C [a; b], 
I All, I A2I > S such that for any xi E Ai, X2 G A2 

\f{xi)-f{x2)\>C. 

Since S satisfies the condition of the proposition, there exist Ai, A2 C J' such that 
we have for any xi G Ai and any X2 G A2 



|3ftS'„(a;i, Ao) - '^Sn{x2, Xo)\ > S. 



(4.18) 
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It is easy to see that both Ai and A2 contain a;„(A) for which the corresponding ?/„(A) 
obeys the inequahty y < 1/ In^n (or we have the case 1). We obtain for these points 



|SS„(.-„(A),A„)-SS„(i„(A),A„)| 



\k, \ (-»(A)-/4"')^ 



< 



-E 



n ^ (a;„(A)-/iW)2 



< In^n) 



This and fH:T8D imply f06|l . thus flTOj) 
— (3fJS'„(x„(A), Ao 



If 



c/A^ 



< c, then we consider the second derivative 

1 



(3ft5„(x„(A),Ao)) =1-^5^ 



(")\2 ' 



,<t-, MX) - hf') 



(4.19) 



Note that 



/ 



-E 



This and IKW\ yield 



ty::,(x„(A)-/.f))2 



< 



-E 



< c/6. 



dA2 



(KS'„(x„(A),Ao)) 



> 1 



1/2 



This bound implies f l4.14p by the same argument as in Proposition [2] . Thus, since the 
condition (14.111) is more weak than the condition (I4.14p . we have proved (14. lip in any 
case. □ 

Note that according to the Hadamard inequality 
det iir„(Ao + ^,Ao + ^) 

m / m ^ 1 \ 

^ n E (^0 + -, Ao + ^) -K^ (Ao + ^, Ao + ^) 
«=i \i=i / 

Since the second marginal density is positive, 

Kn{x,y)Kn{y,x) < Kn{x,x)Kn{y,y). 
According to Lemma O this means that 

N m 



(4.20) 



f 1 \ m 

det iir„(Ao + ^,Ao + ^) 



and, hence, the integral over the complement of in (14. 8 p can be bounded by C6. Since 
we can take S small arbitrary, the condition (II. 6p is proved. 
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5 Appendix. 



We present here certain facts of the Grassmann variables and the Grassmann integration. 
An introduction to this theory is given in |Tnj and [H], and in this section we will follow 
to these books. 

5.1 Grassmann algebra A. 

Let us consider the set of formal variables which satisfy the following anticom- 

mutation conditions 

V'jV'fc + i^ki^j = 0, j, k = l,n. 
In particular, for k = j we obtain 

ij = 0. 

To any variable ipj we put into correspondence another variable ipj, which we call the 
conjugate of ipj. We assume that these conjugate variables also anticommute 

with each others and with 

^ji^k + i^ki^j = -ipj-ipk + i^ki^j = 0- 

These two sets of variables {ipj}^^^ and {ipj}'^^^ generate the Grassmann algebra A. 
Taking into account that ip'^j = 0, we have that all elements of A are some polynomials of 
{ipj} and {ipj}- One can extend the operation of conjugation to the whole A by setting 

We can also define functions of Grassmann variables. Let x be some element of A. For 
any analytical function / by fix) we mean the element of A obtained by substituting x 
in the Taylor series of / near zero. Since x is a polynomial of {ipj}, {i^j}-, there exists 
such / that = 0, and hence the series terminates after a finite number of terms and so 

/(x) e A. 

Let us also call by a numerical part of some function of Grassmann's elements its 
value obtained by putting all ipj and ipj formally equal to zero (in other word, the first 
coefficient of Taylor series) . 

5.2 Linear algebra over A 

A super- vector of the first type is defined as a (ra + m) dimensional vector-column whose 
first m coordinates {Xi}j=i are anticommuting elements of A (i.e., an elements contain- 
ing only terms of odd power) and the last n coordinates {sj}^^^ are commuting ones 
(i.e., elements containing only terms of even power): 

"^1 (Xl) • • • 5 "Kmi • • • ) Sn) • 

One can also consider super-vectors of the second type: a (m + n) dimensional vector- 
column whose first m coordinates {sj}^^ are commuting elements and the last n coordi- 
nates {Xj}"=i are anticommuting ones: 

$2 = (Sl, . . . ,Sm,Xl, • • • ,Xn)*- 
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The Hermitian conjugate is given by the following expression: 

Super-vectors of each type obviously form a linear space. A linear transformation in these 
spaces are realized by super-matrices: 

F.[; I), 

where a and b are n x n and m x m matrices containing only commuting elements of 
algebra, cr and p are n x m and m x n matrices containing only anticommuting ones. 
Two super-matrices F and G can be multiplied in a usual way 

m+n 

{FG)j^k = ^ Fj,iGi,k- 
1=1 

Now let us define super-analogs of traces and determinants of matrices. 

1 det (a — a b^^ p) 

str F = Tr a — Tr b, sdet F = — ; . 

det b 

These definitions look very unusual but they allow us to preserve some basic properties 
of traces and determinants (see pr4|): 

str (FG) = str (GF), sdet (FG) = sdet F ■ sdet G, In sdet F = str In F. 

Super-analog of Hermitian conjugation of matrices can be defined as 

F^=[ll "^f )' {FGy = G^F\ (F+)+ = F. 

According to this definition one can introduce a Hermitian and unitary super matrices. 
The Hermitian super-matrix F satisfies the condition F~^ = F while the unitary super- 
matrix F satisfies the condition F~^ F = F F^ = 1. 

Similarly to ordinary matrices, Hermitian super-matrices can be diagonalized by uni- 
tary super- matrices (see also [T^). 

Indeed, an arbitrary Hermitian super-matrix has the form 

^-{:^ I)' 

where a and b are n x n Hermitian matrices containing only commuting elements of 
algebra and a is a n x n matrix containing only anticommuting ones. Suppose that all 
numerical parts of the eigenvalues of the matrices a and b are distinct (the eigenvalues 
of matrices containing only commuting elements can be defined by the same way as for 
ordinary matrices. The way to find roots of the characteristic polynomial is described 
below). Find such commuting elements A that 
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or 

j {a-X)S + ax = , . 

\ a+S + {b-X)x = ■ ' 

Excluding x, we get the system of linear equations for S* = (si, . . . , s„): 

{{a - X) - a {b - X)-^cx+) S = 0. (5.2) 

If det((a — A) — 0" (6 — X)^^a^) = 0, then the system ( 15.21) has a nontrivial solution, 
i.e., some solution with a nonzero numerical part. Indeed, consider a maximum minor 
of the matrix C{X) = {a — X) — a {b — X)~^a~^ with a nonzero numerical part. Since 
rank (a — A) > n — 1 (because all eigenvalues of a are distinct) and det C(A) = 0, the rank 
of this minor is (n — 1). Without loss of generality we can assume that it is an upper 
right minor. The last equation of the system can be omitted, and the first {n — 1) one can 
be solved with respect to si,S2, ■ ■ ■ , Sn-i with a parameter s„ by using the Kramer rule 
(since a numerical part of the main determinant is nonzero, we can divide by it). Taking 
arbitrary Sn 0, we obtain a nontrivial solution. 

Thus, if detC(A) = 0, then the system (15.21) has a nontrivial solution. Having this 
solution, one can construct 

;^ = _(5_A)-V+5, x^ = -S^^ib-X)-\ (5.3) 

which represents a solution of the system (15.11) . Choosing a constant, we can obtain 
a normalized solution of the system, i.e., the solution $ = {S, xY such that = 

S+S + x^X = 1. 

Hence, we should find the solutions of the equation 

det((a- A) -(t(6- A)-V+) = 0, (5.4) 

i.e., the roots of some polynomial (denote it by /(x)) whose coefficients are elements of A. 
Let us seek these roots by the Newton method using the eigenvalues of the matrix a as a 
zero approximation. 
Let 

_ , _ /(a;„-i) 

Xi — Aq, Xn — Xn^l —, T. 

It can be prove by induction that /(x^) = /(xi)" ■ g{xn) and the numerical part of f{xi) 
is zero. Since there exists such that f^{xi) = 0, for n > N f{xn) = 0. This means 
that for n > x„ = xtv and so x^v is the solution of /(x) = 0, corresponding to A. 

In such a way we find n eigenvalues and the normalized eigenvectors of the type 
$ = {S, x)*, corresponding to these eigenvalues. 

Similarly we can find the eigenvectors of the type $ = (x, Sy, but in this case we 
should use the eigenvalues of the matrix b instead of a. It is easy to show that the 
eigenvectors corresponding to the distinct eigenvalues are orthogonal to each other. So 
constructing the super-matrix from all these vectors, we obtain the unitary matrix U, 
diagonalizing F. 

As an example consider the case n = 1. In this case we have 

where a and b are distinct real numbers, a is some anticommuting element of A. 
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Equation (15.41) has the form 



(a -A) 



b-X 



0, /(x) = (a- A)(6- A) -aa. 



As a zero approximation we should take a: 

f{a) = -aa, f'{a) = a-b. 

Hence, 



X2 = a + 



a a 
a — b' 



and therefore 



-[b — a r ) — 0" (T = U. 



a — b 



a — b' 



Thus, one of the eigenvalues is 



Xi = a 



a a 



a — b 



Find the normalized eigenvector of the type $ = {S, x)*, corresponding to this eigenvalue. 
The system (15. 2 p in this case is degenerated, and so = (si) is arbitrary. From (15.31) we 
obtain that _ 

(7 S , (7 S 



X 



a — b^ 



X 



a — b 



Hence 



S' + x^X = S'{l 



aa 



(a - by 



0- 



So to normalize the vector we should take 



S=l + 



aa 



2{a-bf 

Thus, the eigenvector corresponding to the eigenvalue Ai has the form 

^ a 

\ I 

Similarly the second eigenvalue (corresponding to b) is 



Ao = 6 + 



a a 



a — b 

and the eigenvector corresponding to this eigenvalue has the form 

$2 = 



1 



a^b 
aa 



\ 2{a-bY J 



Constructing the super-matrix 



U 



1 + 



aa 



2(a - by 
a 



a — b 



1 - 



a — b 
aa 



\ 



2{a-by / 
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from these vectors we get that 

U^FU 

5.3 Integral over A. 



GO 

a — b 




aa 



b ) 



Following Berezin[T3], we define the operation of integration with respect to the anticom- 
muting variables in a formally way: 



dtpj = 0, 



tpjdipj = 1. 



This definition can be extend on the general element of A by the linearity. A multiple 
integral is defined to be repeated integral. The "differentials" dipj and d%jj^. anticommute 
with each other and with the variables ipj and ipf^. 
Therefore, if 

m 

/(Xl) • • • 5 Xm) = C^O + (^jlXji + ^jij2XjiXj2 + • • • + 0.1,2,. ..,mXl • • • Xm, 

ii=i 



J1<J2 



then 



f{Xl,---,Xm)dXm---dXl = ai,2,...,m- 



Let now / = f{X,x), where x = (Xi)---;Xm) is a vector of the anticommuting 
elements of A, end X = {xi, . . . ,Xn) is a vector of the commuting ones. Let i/i be a 
numerical part of Xj. Then 




/(X, x)dxi . . .dxndxm - ■ - dxi 




fiy,x)dyi. ■ - dyndxm - ■ - dxi, 



where f/ is a domain, where coordinates Y = {yi, . . . ,yn) vary, and integral over t/ is a 
usual Lebesgues integral. 

Let A be an ordinary Hermitian matrix. The following Gaussian integral is well-known 



/n n 
exp{- ^ Aj^kZjZk} JJ 



d^Zjd'^Zj 

TT 



detA 



(5.5) 

j,k=l j=l 

One of the most important formulas of the super-symmetry method is an analog of formula 
(15. 5p for Grassmann variables [13j : 



/n n 
exp{- ^ Aj^kipji^kjYldipjdtpj = detA. 
j,k=i j=i 



(5.6) 



j,k=L j= 

Combining these two formulas, we obtain another important one: if F is a Hermitian 
super- matrix and $ = {X, x)* is a super- vector, then 



where 



J exp{-$+F$}ci<l>+(i$ = sdet^^F, 



(5.7) 
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5.4 Derivatives with respect to anticommuting variables. 

Let us define the left and tlie riglit derivatives witli respect to anticommuting variables. 
Since any element of the algebra A is a polynomial of {ipj} and {V^j}, it is sufficient to 
define derivatives only for monomials and then extend by the linearity. 
We define the left derivative as (see [13]): 

d V = / °' ii,...,ik7^ j, 

Ail ■ ■ ■ Aife \ f ^ \s—l^ 



dXj I ( -'") • • • Xis-lXis+i ■ ■ ■ Xiki '^s j- 

The right derivative differs from the left one by sign: 

d [0, ii,...,ik^j 



^Xj 1 ( Xh ■ ■ ■ Xis-iXis+1 ■ ■ ■ Xiki — i- 

Note that for the odd elements the left and the right derivatives are equal and so in this 

case we can use the usual notation — . 

ox 

5.5 Change of variables in integrals. 

Consider the integral 

j j f{X,x)dxdX, (5.8) 
u 

where X = ( commuting variables whose numerical parts vary in the domain 

U, and X = (Xi? • • • ? Xm) are anticommuting ones. 

Change of variables in the integral (15.81) is a transformation from one system of gen- 
erators of A to another one preserving the evenness 

Xi = Xi{Y, T]), Xi = XiiYi V)i (5-9) 

where Y = {yi, . . . , ?/„) are commuting variables, whose numerical parts vary in the do- 
main U, and rj = [rji, . . . , rjm) are anticommuting ones. 

Change of variables in an ordinary integral leads to the appearance of the Jacobian 
which is equal to the determinant of the partial derivatives matrix. For the super-integrals 
the situation is similar. 

Let / be a finite function in the domain U, i.e., supp/ (with respect to the numerical 
part of the vector X) is inside the domain U. Then (see |13|) 

j J fiX,x)dxdX = J y"/(X(y,r/),x(F,77))A({X,x}/{r,r/})rfxc^X, (5.10) 

U u 



where 

(3 h 



A({X,x}/{F,r/}) = sdeti?, = ( ^ ) , (5.11) 



dxi d 

(^ik Otik -^j-^r 

oyk ovk 

n 9xi , dxi 

Pik = ^ b= TT- 

oyk or]k 
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The function A({X, r;}) is often called Berezinian of the change (15. 9p . 

Note that differently from the ordinary integrals, in the case of super-integrals if / is 
not a finite function in the domain [/, then formula (I5.10p is not correct. There are some 
extra terms appearing in it. 

Let the domain U be defined by the condition u{X) > for some function u. Denote 
by v{Y, T]) the function u{X{Y, t])), and let v{Y) be the numerical part of v{Y, if). In new 
coordinates the domain U will be defined by the condition v{Y) > and (see [T3] ) 



f{X,x)dxdX= / f{X{Y,7^),x{Y,r]))A{{X,x}/{Y,r]})dxdX 





+ j fiXiY,ri),xiY,r]))Ai{X,x}/{Y,r]})6iviY))iviY,r]) - viY))dxdX + . . . , (5.12) 

where dots means the sum of terms containing 5^''\v{Y)) under the integral, i.e., all extra 
terms are integrals along the boundary of the domain U. 
Let 

^ a a \ r — ( ^ ^ 
a+ ib J ' \ri+ id 

Then F and G can be diagonalized, i.e., there exist unitary super- matrices U and V 
such that 

F = U^^SU, S = diag (sn, . . . , sim, is2i, . . . , S2m), 
G = V-^RV, R = diag (rn, . . . , rim, ir2i, r2m)- 



Consider the integral 



2'"(™-i) J exp (^-^str(F - Gf^ dG, 



where 

dG = JJ^ d Cjjd djj Y\ d ^Cj^^d '^Cj^^d ^dj^kd '^dj^k Y\ dr]j ^.d r]j^k- 

j=l j<k j,k=l 

If we make the change G = V^^RV, the differential d G will transform into the form 
(see pjj) 

dG = Bm{RfdRd^i{V) 

where dR = dru. . .dr2m, dfiiV) is the Haar measure of the group of unitary super- 
matrices, and BmiR)"^ is a Berezinian of this change, which equals to the square of the 
Cauchy determinant 

1 



Bm{R) = det 



(5.13) 



fij - ir2k_ 

We will use also the generalization of the Harish-Chandra/Itzykson-Zuber formula for 
the case of Grassmann variables. Let us recall that the Harish-Chandra/Itzykson-Zuber 
formula has the form (see, for example, [5]): 

e^x,\TrAU*BmdU - det{exp(a.&,)} 
expjirAty BU\dU - ^(^^^(5) > 
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where A, B are Hermitian matrices, their eigenvalues, dU is bh integration over 

the group of unitary matrices, and A (A) is the Vandermonde determinant constructing 
of the eigenvalues of the matrix A, i.e., 

A(A) = J](a,-a,) 
The super-analog of this formula has the form (see [12]): 

2m(m-l) j j_stj.(F - Gf^ dll{V) 

6{R) 1 exp (^-^str(^-i?)2^ 

where 

0, if any two Sij = 0, S2k = 0, 



1, otherwise. 



Acknowledgements. The author is grateful to Prof.L.A.Pastur for statement of the 
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